L p (m) ( f )(h) = h, L p (m) ( f ) := sgn( f )| f | p−1 hd m, x * f , h ∈ L p (m), sgn(T ( f ))|T ( f )| q−1 T ( f ) q−1 · T (h) dν 2 = α 1 sgn( f )| f | p−1 f p−1 · hdν 1 , h ∈ L p (m
53
In order to do that, we need to give conditions that assure the smoothness of the 54 spaces of p-integrable functions with respect to a vector measure. However it must be 55 pointed out that not all the L p (m) spaces are smooth (see Example 1).
56

Preliminaries and notation
57
Let ( , ,µ)be a positive finite measure space. A Banach function space X (µ) over 58 µ is defined to be an ideal of the space of (equivalence classes of) measurable functions
59
L 0 (µ) endowed with a complete norm that is compatible with the µ-a.e. order and 60 such that L ∞ (µ) ⊆ X (µ) ⊆ L 1 (µ) (seep.28in [7] ).
61
Let X be a Banach space, B X its closed unit ball and S X its unit sphere. Let ( , ) be 
can be written as
Consider the subspace of L 1 (m) ′ given by
and 93 x * ∈ B X * , one has
95
As we will show in the next section, the smoothness of the space L p (m) is related to
· R(m).
98
Results
99
As we said at the end of the first section the space L p (m) is not, in the general case,
100
smooth. This is shown in the following easy example. 
107
and so 
112
We are ready to state and prove the main result of this paper.
113
Theorem 2 Let 1 < p < ∞ and m : → X be a positive vector measure satisfying
115
(ii) X is smooth.
116
Then L p (m) is smooth.
Therefore, by using the Hanh-Banach Theorem we get that there is x * f ∈ B X * (that
125
Let us define now the linear map ϕ :
u n c o r r e c t e d p r o o f L. Agud et al.
Since we have to prove that L p (m) is smooth and ϕ norms f let us see that ϕ is the
have to see that ψ = ϕ. By using the hypothesis
and x * ∈ B X * 135 such that
137
Define now the positive measure η :
using Hölder's Inequality, one has
143
This proves our second claim.
144
But bearing in mind that
147
Claim 3 x * f and x * norm x = | f | p dm ∈ S X . Indeed by Eq. (4)w eh a v e1 = 148
x, x * f . On the other hand the equality 1 = x, x * follows from (7) since
151 So x, x * f =1 = x, x * and our last claim follows.
152
By using the smoothness of X that is assumed by the hypothesis (ii) one has
154
Therefore (6), (7), (8) and (5)give 
172
Proof Let is consider the (countable additive) vector measure
174
to L p (m),for1≤ p < ∞, then we only have to show that (i) in Theorem 2 holds.
176
First note that R(m 0 ) = B L 1 (m 0 ) ′ . Indeed, just bearing in mind (2)wehave
Hence hypothesis (i) in Theorem 2 is now
183
Therefore let us show
185
It is well-known (see [9, Proposition 3.43] ) that 
229
With all these results we obtain the next 
233
234
235
We finish this section with a general version of the theorem by Howard and Schep 236 mentioned in the introduction. In order to do that we fix some notation. For 1 < p < ∞ 237 the space L p (µ) for µ positive scalar measure is smooth. Hence the unique norming
240
In the case of the spaces L p (m) we know that ϕ :
244
Therefore if we assume that L p (m) for 1 < p < ∞ is smooth then ϕ is the unique 245 norming element for f ∈ S L p (m) and will be denoted by (a) T attains its norm at f .
252
In this case, α = T .
253
(c) There exists α ∈ R such that the positive scalar measures ν 1 = m, x * f and
for all h ∈ L p (m 1 ). In this case, α = T . 
265
In a similar way we obtain
and so the equality is proved and we finish the proof. ⊓ ⊔
268
Examples
269
We finish the paper with some relevant examples in which we can apply our results.
270
In particular, we show some cases in which the inclusion
272 holds. We start with a well-known case which comes from a canonical construction. 
287
We present now a generalization of Example 5. Note that its proof follows the lines 288 of the proof of Corollary 3.1. 
is an isometry.
300
With these assumptions we have:
so the equality is an isometry. Let us show that that is
309
First note that since Y (µ) has the Fatou property then
310
This means that L 2 (m T ) = L 2 w (m T ) and then using [9, Proposition 3.43 ] one has the
313
On the other hand taking into account again that L 2 (m T ) has the Fatou property, using
and then
318
It is easy to see that the previous example apply if, for instance, one considers as
319
T the inclusion map between classical Lebesgue spaces as i : 
where (e i ) i≥1 is the usual canonical basis of ℓ 2 . Take now the Rybakov measure for 
336
In order to have (14) we have to show that is smooth for adequate 1 < p, q < ∞. 
371
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